Abstract. There are several variants of the inverse Galois problem which involve restrictions on ramification. In this paper we give sufficient conditions that a given finite group G occurs infinitely often as a Galois group over the rationals Q with all nontrivial inertia groups of order 2. Notably any such realization of G can be translated up to a quadratic field over which the corresponding realization of G is unramified. The sufficient conditions are imposed on a parametric polynomial with Galois group G-if such a polynomial is available-and the infinitely many realizations come from infinitely many specializations of the parameter in the polynomial. This will be applied to the three finite simple groups A 5 , P SL 2 (7) and P SL 3 (3). Finally, the applications to A 5 and P SL 3 (3) are used to prove the existence of infinitely many optimally intersective realizations of these groups over the rational numbers (proved for P SL 2 (7) by the first author in [5] ).
Introduction
There are several variants of the inverse Galois problem which involve restrictions on ramification. For example, given a finite group G and a finite set S of primes, does there exist a Galois extension of the rationals Q unramified outside S with Galois group G? A weaker form of this problem is the "minimal ramification problem", which asks what is the minimal number of ramified primes in a Galois realization of a given finite group G over Q. In this paper, instead of restrictions on the set of ramified primes or on the number of ramified primes, we are interested in restrictions on the inertia groups of the ramified primes. For example, a result of Van der Waerden [13] says that if the discriminant of a monic irreducible polynomial f (x) ∈ Z[x] of degree n is divisible by a prime p to the exact power 1, then the inertia group of a prime divisor of p in the splitting field of f (x) is of order 2 and generated by a transposition. Furthermore, if the discriminant is squarefree, then the Galois group is the symmetric group S n (and from the preceding part, all the nontrivial inertia groups have order 2 and generated by a transposition (see also Kondo [4] ). Given a finite group G which is realizable over Q(t) as a Galois group of a regular extension by a parametric polynomial f (t, x), if certain conditions on this polynomial hold, then we prove that there are infinitely many specializations of t for which, in the corresponding splitting field, all nontrivial inertia groups have order 2. In addition to an illustrative example G = S 3 , we give three nontrivial examples of such polynomials, all with nonabelian simple Galois groups: A 5 , P SL 2 (7) and P SL 3 (3).
An important application of this result is the following: given any realization K/Q of a finite group G with all nontrivial inertia groups of order 2, there exists a quadratic extension E/Q such that G(KE/E) ∼ = G and KE/E is unramified at all primes (finite and infinite).
Finally, we give an application of this result to intersective polynomials. A monic polynomial in one variable with rational integer coefficients is called (nontrivially)intersective if it has a root modulo m for all positive integers m, and it has no rational root. Let G be a finite noncyclic group and let r(G) be the smallest number of irreducible factors of an intersective polynomial with Galois group G over Q. There is a group-theoretically defined lower bound for r(G), given by the smallest number s(G) of proper subgroups of G having the property that the union of the conjugates of those subgroups is G and their intersection is trivial. We call an intersective polynomial f (x) with Galois group G over Q optimally intersective for G if the above lower bound s(G) for r(G) is attained, i.e. f (x) is the product of s(G) irreducible factors. Accordingly, a Galois extension K/Q with Galois group G is called an optimally intersective realization of G if it is the splitting field of a polynomial which is optimally intersective for G. We apply the order two inertia result above to A 5 and P SL 3 (3) to prove the existence of infinitely many optimally intersective Galois realizations of A 5 and P SL 3 (3) over Q. This has already been done by the first author for P SL 2 (7) [5] . Such results for D 5 and A 4 have appeared earlier [8] , [9] .
We are grateful to Danny Neftin for valuable discussions.
order two inertia
In what follows we use the following immediate generalization of (a special case of) a theorem of Schinzel [12] :
Let f (t, x) ∈ Z[t, x] be monic and separable of degree n > 2 with respect to
denote the derivative of f (t, x) with respect to x, and let D(t) = D(f (t, x)) denote the discriminant of f (t, x) with respect to x. Note that
is a symmetric polynomial in the roots of f , hence by the fundamental theorem on symmetric polynomials, D(t) is a polynomial in the elementary symmetric functions, with coefficients in Z. The elementary symmetric functions are the coefficients of f viewed as a polynomial in x.
, which is not monic for n > 1.
The main result is as follows.
Theorem 2.2. Assume the notations and assumptions above.
(ii) There exists c ∈ Z such that the only primes dividing both D(f (c, x)) and
Then there exists an arithmetic progression of elements c ∈ Z such that in the splitting field of f (c, x), all inertia groups in the corresponding Galois group at primes not dividing N are of order ≤ 2. In particular, when N = 1, all inertia groups are of order ≤ 2.
2. Assume f (t, x) ∈ Z[t, x] and there exists an arithmetic progression of elements c ∈ Z such that in the splitting field of f (c, x), all inertia groups in the corresponding Galois group at primes not dividing N are of order ≤ 2 (i.e. the conclusion of part 1 above holds). Assume further:
with Galois group G over Q(t).
(iv) The splitting field of f (t, x) over Q(t) is regular over Q.
Then there exist infinitely many c ∈ Z such that f (c, x) has Galois group G over Q, the corresponding splitting fields are linearly disjoint over Q, and all inertia groups at primes not dividing N are of order ≤ 2.
Proof. 1. By Lemma 2.1, there exists an arithmetic progression P = {a+bt : t ∈ Z} in Z (b = 0) such that for every c ∈ P, the only primes dividing both D(f (c, x)) and (n − 1)nD(f
, so a fortiori the only primes dividing both D(f (c, x)) and (n − 1)nD(f ′ (c, x)) are prime divisors of N. In particular the prime 2 does not divide the discriminant of the corresponding splitting field K and is therefore unramified in K. We show next that all inertia groups at primes not dividing N have exponent at most 2. Fix c and assume p is a prime not dividing N which ramifies in the splitting field K of f (c, x). Then p does not divide (n − 1)n, for otherwise, p would divide both (n − 1)n and D(f (c, x)), hence also N, contrary to hypothesis. In particular, every root of f ′ (c, x) and of f ′′ (c, x) is integral at p, as the leading coefficient of f ′ (c, x) is n and the leading coefficient of f ′′ (c, x) is (n − 1)n. Let p be a prime of K dividing p. Let σ be an element of the inertia group of p of order greater than two. Then for some root β of f (c, x), the orbit of β under σ has length at least three. As σ belongs to the inertia group of p, we have
are divisible by p, and being both rational integers, they are divisible by p. This contradicts the assumption that p does not divide N. It follows that the exponent of every nontrivial inertia group at primes p not dividing N is 2. This, together with tame ramification of K above, implies that all such nontrivial inertia groups are cyclic of order 2.
2. Let P = {a + bt : t ∈ Z} be the given arithmetic progression. Consider the polynomial g(t, x) := f (a + bt, x). Conditions (iii),(iv) hold for g in place of f as the substitution t → a+bt defines an automorphism of Q(t). By Hilbert's irreducibility theorem, there exist infinitely many specializations t = c ′ ∈ Z for which g(c ′ , x) is irreducible with Galois group G and the corresponding splitting fields are linearly disjoint over Q. But g(c ′ , x) = f (a + bc ′ , x), hence we have infinitely many integers c = a + bc ′ ∈ P for which f (c, x) is irreducible with Galois group G and the corresponding splitting fields are linearly disjoint over Q, and in addition, for each such c, the corresponding Galois group has all inertia groups at primes not dividing N of order at most two.
Remark 2.3. Given any realization K/Q of G with all inertia groups of order 2 (as happens in Theorem 2.2 with N = 1), there exists a quadratic extension E/Q such that G(KE/E) ∼ = G and KE/E is unramified at all primes (finite and infinite).
Proof. Taking E to be Q( √ a) with a negative, divisible by the product of the primes ramifying in K, and disjoint from K over Q, Abhyankar's Lemma implies that E swallows the ramification at all primes (including infinity) and
Remark 2.4. Any group G realizable over Q with all nontrivial inertia groups of exponent 2, is necessarily generated by elements of order 2.
Proof. Suppose K/Q is Galois with group G and all nontrivial inertia groups are of exponent 2. The subgroup H of G generated by all these inertia groups has a fixed field which is unramified at all finite primes, so H = G by Minkowski's theorem. Furthermore, H is clearly generated by elements of order 2.
Illustrative example. The simplest nontrivial illustration of a group G in Theorem 2.2 is the symmetric group S 3 of order 6. Let f (t, x) = x 3 + tx + t − 1. Specializing to t = −1 shows f (−1, x) to be irreducible over Q, and factoring f (−1, x) mod 5 and mod 11 yields Galois group S 3 for f (−1, x) over Q, hence also for f (t, x) over Q(t). Thus (i) holds. As for (ii), the discriminant D(f (t, x)) of f (t, x) is −4t 3 −27(t−1) 2 . If the splitting field of f (t, x) over Q(t) were not regular, then the Galois group over C(t) would not be S 3 , from which it would follow that the discriminant −4t 3 − 27(t − 1) 2 is a square in C(t). However, the discriminant of −4t 3 − 27(t − 1) 2 with respect to t is −629856 = 0, so −4t 3 − 27(t − 1) 2 factors over C into the product of three distinct linear factors, hence is not a square in C(t). For (iii), we have (3 − 1)3D(f ′ (t, x)) = 6 · (−12t), which is coprime to
. Finally, taking c = 2, we have D(f (2, x)) = 59, which is coprime to 6 · (−12 · 2) = −2 4 3 2 , verifying condition (iv).
Examples
In this section we give three examples of finite simple groups to which Theorem 2.2 is applied.
Theorem 3.1. The alternating group A 5 occurs infinitely often as a Galois group over the rationals Q with all nontrivial inertia groups of order 2.
Proof. Consider the generic quintic polynomial for A 5 [2] :
Let f ′ (u, v, x) be the derivative of f with respect to
where D(f ) and D(f ′ ) are the discriminants of f (0, v, x) and f ′ (0, v, x) with respect to x.
We now apply Theorem 2.2, which implies that there are infinitely many specializations of v ∈ Z which yield disjoint splitting fields of f (0, v, x) with Galois group A 5 and such that all nontrivial inertia groups have exponent two, provided the following conditions hold:
with Galois group A 5 over Q(v).
(ii) The splitting field of f (0, v, x) over Q(v) is regular over Q.
(iv) There exists c ∈ Z such that D(f (0, c, x)) and 20D(f ′ (0, c, x)) are coprime in Z.
We verify these conditions for f (0, v, x): Theorem 3.2. P SL 2 (7) occurs infinitely often as a Galois group over the rationals Q with all nontrivial inertia groups of order 2. Moreover, these P SL 2 (7)-extensions can be chosen to be tamely ramified (i.e., unramified at 2) and contained in R.
As in Remark 2.3, we obtain:
There exist infinitely many P SL 2 (7)-Galois extensions F |Q such that, for some real quadratic number field k, the extension F k|k is an everywhere unramified P SL 2 (7)-extension. (Here the term "everywhere unramified" includes the infinite primes of k).
Proof of Theorem 3.2:
The following 4-parameter family was given by Malle in [7] :
. It was shown there that f has Galois group P SL 2 (7) over Q(a, b, c, t). Note that as a family of regular Galois extensions over Q(t), the branch cycle structure is generically (i.e. for a dense open subset of all parameter choices for a, b, c) given by six involutions in P SL 2 (7).
After specialization c → 1, the discriminant of f factors over Z as a 2 · g(t) 2 for some irreducible polynomial g ∈ Z[a, b][t] of degree 5 in t.
Similarly, the normalized discriminant ∆(f ′ (t, x)) factors as 2
This gives us many possible choices for specializations of a and b such that Theorem 2.2 can be applied. For simplicity, we restrict ourselves to one good choice of parameter values. So let a := 1 and b := 5 (and c := 1 as above). From now on, refer to this specialized polynomial by f (= f (t, x)). It is easy to verify that the polynomial f still has Galois group P SL 2 (7) over Q(t).
To be explicit, we have
Also, the discriminants ∆(f (t, x)) and 7 · 6 · ∆(f ′ (t, x)) are coprime and remain so for at least one integer specialization t → t 0 (one may just choose t 0 = 0, which leaves the constant coefficients, factoring as Furthermore, one verifies easily that the polynomial f remains separable modulo 2 for all integer specializations t → t 0 ∈ Z (in fact, even irreducible). This means that the corresponding number field extensions of Q are unramified at 2. Theorem 2.2 therefore yields an arithmetic progression of integers t 0 such that the splitting field of f (t 0 , x) over Q is (unramified at 2 and) all inertia subgroups at ramified primes are of order 2. By Hilbert's irreducibility theorem, such an arithmetic progression even yields infinitely many linearly disjoint extensions, all with group P SL 2 (7) over Q.
Moreover, for t → t 0 ∈ Z sufficiently small (i.e. negative of sufficiently large absolute value), the splitting field of f (t 0 , x) is contained in R. It is sufficient to verify this for one sufficiently small value and to note that the number of real roots of f (t 0 , x) can only change when one passes through a real branch point of the splitting field of f over Q(t). But the specializations t → t 0 ∈ Z from which we obtained our P SL 2 (7)-extensions above form an arithmetic progression. Therefore, they include infinitely many t 0 which are sufficiently small to enforce the extension to be contained in R.
We treat a further non-abelian simple group and demonstrate how constant common divisors of D(f (t, x)) and (n − 1)nD(f ′ (t, x)) in Theorem 2.2 may be dealt with in concrete examples.
We first give a new polynomial for the Galois group P SL 3 (3). Then f has regular Galois group P SL 3 (3) over Q(t).
Proof. Set G := Gal(f |Q(t)). From the factorization of f (0, x) into irreducibles of degree 1, 3 and 9, it follows that |G| is divisible by 9. This shows that G is not a subgroup of C 13 ⋊ C 12 , which already leaves only three transitive groups of degree 13, namely P SL 3 (3), A 13 and S 13 . To show that G is none of the latter two, the standard strategy (used for similar Galois group verifications e.g. in [7] or [6] ) is to use the fact that P SL 3 (3), unlike S 13 or A 13 , has two non-conjugate subgroups of index 13 (the stabilizers of a line and of a plane in (F 3 ) 3 ). Denote by f 0 (x) and f 1 (x) the coefficients of f at the monomials t 0 and t
One verifies, e.g. with Magma, that the polynomial
is reducible, with factors of degree 4 and 9 in x. In other words, f (t, x) = f 0 (x)−tf 1 (x) splits into factors of degree 4 and 9 over a root field of g 0 (Y )−tg 1 (Y ). Thus, there exists a degree-13 extension of Q(t) (necessarily contained in a splitting field of f (t, x)) over which f is reducible, but does not have a root. This shows the existence of an index-13 subgroup in G, not fixing a point. Therefore, G = P SL 3 (3). The regularity in the assertion follows immediately, since P SL 3 (3) is simple.
The above polynomial f (t, x) was obtained in the following way: In [6, Theorem 7.2], a multi-parameter polynomial f (α, β, t, x) of degree 13 in x and with Galois group P SL 3 (3) was given. To obtain our polynomial, we specialized β := 1, t := −1, and then made use of the remark after Theorem 7.2 in [6] asserting that the branch cycle structure of f (α, β, t, x) with respect to α consists of six involutions in P SL 3 (3), all of cycle type (2 4 .1 5 ). In particular, it then follows from the Riemann-Hurwitz genus formula that a root field of f (α, 1, −1, x) over Q(α) is of genus zero, and is in fact a rational function field (the last implication follows since the degree of the extension is odd). A standard Riemann-Roch space computation (using Magma) then yielded a parameter ξ for this genus zero function field, whose minimal polynomial (after renaming α to t and performing some linear transformations) is exactly the polynomial f (t, x) above. Theorem 3.5. P SL 3 (3) occurs infinitely often as a Galois group over the rationals Q with all nontrivial inertia groups of order 2.
Proof. Consider the polynomial f (t, x) from Lemma 3.4. One computes that the discriminant of
, the common prime divisors with (n − 1)nD(f ′ (t, x)) are only the constants 2, 3 and 12491, and this remains true upon e.g. evaluation t → 0. It then follows from Theorem 2.2 that there exists some arithmetic progression a + RZ, with R ∈ N coprime to 2, 3 and 12491, such that in a splitting field f (a + Rz, x), all inertia groups at primes p / ∈ {2, 3, 12491} have order ≤ 2 (for all z ∈ Z). On the other hand, there are many specialization values t → b ∈ Z such that a splitting field of f (b, x) has discriminant coprime to all of 2, 3 and 12491. E.g., b = 1 yields field discriminant (23 · 31 · 109 · 23843) 4 for a root field. Krasner's lemma then implies that for all t 0 ∈ Z sufficiently close p-adically to 1 for all p ∈ {2, 3, 12491} (i.e. t 0 in some arithmetic progression 1 + MZ, with M only divisible by the three primes 2, 3 and 12491), the splitting field of f (t 0 , x) will be unramified at these three primes as well.
The Chinese remainder theorem then yields an arithmetic progression of integer values t 0 such that in a splitting field of f (t 0 , x), all inertia groups have order ≤ 2 (and in fact always order 1 for the three primes 2, 3, 12491). Theorem 2.2 now gives the desired result.
Optimally intersective realizations
In this section we show how Theorem 2.2 yields the existence of infinitely many optimally intersective realizations of A 5 and P SL 3 (3) over Q. This is already known for P SL 2 (7) [5] .
A monic polynomial in one variable with rational integer coefficients is called intersective if it has a root modulo m for all positive integers m, and nontrivially intersective if in addition it has no rational root. In this paper "intersective" means "nontrivially intersective". Let G be a finite noncyclic group and let r(G) be the smallest number of irreducible factors of an intersective polynomial with Galois group G over Q. There is a group-theoretically defined lower bound for r(G), given by the smallest number s(G) of proper subgroups of G having the property that the union of the conjugates of those subgroups is G and their intersection is trivial. This follows from (1) K is the splitting field of a product f = g 1 · · · g m of m irreducible polynomials of degree greater than 1 in Q[x] and f has a root in Q p for all (finite) primes p.
(2) G is the union of the conjugates of m proper subgroups H 1 , ..., H m , the intersection of all these conjugates is trivial, and for all (finite) primes p of K, the decomposition group G(p) is contained in a conjugate of some H i .
We call an intersective polynomial f (x) with Galois group G over Q optimally intersective for G if the above lower bound s(G) for r(G) is attained, i.e. f (x) is the product of s(G) irreducible factors. Accordingly, a Galois extension K/Q with Galois group G is called an optimally intersective realization of G if it is the splitting field of a polynomial which is optimally intersective for G. Among the (noncyclic) alternating groups A n , s(A n ) = 2 if and only if n ∈ {4, 5, 6, 7, 8} see [1] . Single examples of optimally intersective polynomials for A n for these values of n have been found [10] . It is also known that there exist infinitely many disjoint optimally intersective realizations of A 4 [9] . This also follows from [11] as a special case (A 4 being solvable), but the proof in [9] is more direct and explicit, using specializations of a parametric polynomial for A 4 . We now use Theorem 2.2 to prove that the same result holds for A 5 . Proof. For simple groups such as A 5 , the trivial intersection condition on the conjugates of the subgroups H 1 , ..., H m in part (2) above, is superfluous, as it is satisfied automatically. Thus without loss of generality the set H 1 , ..., H m may be assumed to consist of maximal subgroups of G if G is simple. Now A 5 is the union of the conjugates of the dihedral group D 5 and the alternating group A 4 . We need to show that if S 3 appears as a decomposition group (in a given A 5 Galois extension of Q) at no prime, then every decomposition group is contained in a conjugate of one of the subgroups D 5 or A 4 . We first observe that every decomposition group is necessarily solvable (every finite Galois extension of a local field is solvable), hence every decomposition group in (the nonsolvable group) A 5 is proper. Let H be a proper subgroup of A 5 . We may assume H noncyclic, as every element of A 5 is contained in a conjugate of one of the subgroups D 5 or A 4 . If H has a fixed point, then it is contained in a conjugate of A 4 , so assume H has no fixed point. If H has order divisible by 5, then it is D 5 . The only remaining possibility is S 3 , generated by the 3-cycle (123) and the product of two transpositions (12)(45), up to conjugacy.
Proof of Theorem 4.4. We now apply Lemma 4.3 and claim that there are infinitely many specializations of v ∈ Z which yield disjoint splitting fields of f (0, v, x) with Galois group A 5 and such that at no prime does S 3 appear as a decomposition group. Suppose S 3 appears as a decomposition group at some prime p for some specialization of v. Then p ramifies and the inertia group is necessarily the unique normal subgroup C 3 . We now apply Theorem 3.1, which implies that there are infinitely many specializations of v ∈ Z which yield disjoint splitting fields of f (0, v, x) with Galois group A 5 and such that all nontrivial inertia groups have exponent two. Proof. Observe that the only fixed point free elements in P SL 3 (3), in its natural degree-13 action, are the elements of order 13. This implies that P SL 3 (3) is the union of conjugates of subgroups H 1 and H 2 , where H 1 is a point stabilizer in the natural action, and H 2 is a 13-Sylow subgroup. In analogy to the previous section, it suffices to provide infinitely many disjoint P SL 3 (3)-realizations over Q such that all decomposition subgroups are contained in a conjugate of H 1 or H 2 . In particular, it suffices to provide these realizations such that all non-cyclic decomposition subgroups are contained in a conjugate of H 1 . Lemma 3.4 provides such realizations. Namely, all decomposition groups at ramified primes in the realizations given there are contained in the normalizer of a subgroup of order 2 (and of cycle type (2 4 .1 5 )). Since this normalizer in P SL 3 (3) fixes a point, the assertion follows.
Remark 4.5. The first author has independently proved by other methods the existence of an optimally intersective realization for infinitely many 2-coverable nonsolvable linear groups, and also the existence of infinitely many optimally intersective realizations of the groups P SL 3 (2) ∼ = P SL 2 (7), AGL 3 (2), and M 11 using parametric polynomials. See [5] .
